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In a series of contributions to this Journal [l-3] the structure of a hierarchy 
of L-matrices was studied by the author through the eigenvalues and eigen- 
vectors of such matrices characterized by the property, 
Gn+, = (Al2 + A22 + * * - + &+,) I = /&“I, 
the h’s and A, being either pure real or pure imaginary, and I a unit matrix 
of the same dimension as L,,,, . The matrix L2n+1 involves (2n + 1) real 
parameters (since purely imaginary parameters can be written as i times a real 
parameter) and is of dimension 2” x 2 12. We now observe that this study of 
the L-matrix hierarchy has a close relationship to Cartan’s theory of spi- 
nors [4]. 
Before establishing such a relationship it is necessary to understand why 
Cartan in his celebrated formulation did not include eigenvalues and eigen- 
vectors in his description of the structure. On the other hand, he used the 
condition of isotropy defined by 
x12 + x22 + --* + x,2 = 0 (1) 
and associated with each isotropic vector with the components (x1 , x2 ,..., x,) 
a certain matrix X, the columns of which are defined as spinors. The striking 
relationship between the L-matrix theory and Cartan’s theory of spinors can 
be established as soon as we realize that the isotropy condition can be rewrit- 
ten as 
Xl2 + x22 + *** + x& = - x:,+1 , (2) 
requiring the total number of components of Cartan’s vector to be odd. We 
then make the following identification: 
Xl = 4 , x2 = A, ,..., X2n - -A 2% 
but 
h -0 2n+1 - and A, = ix,,, . (3) 
Thus in Cartan’s theory we are dealing with the case of “unsaturated” 
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L matrices, i.e., one of the 2n + 1 parameters of the L-matrix is set equal to 
zero. The 2n + 1 components of the vector are therefore the 2n parameters 
and iA, where (1, is an eigenvalue. 
To identify the X matrix of Cartan which is composed of spinors, we 
proceed as follows: We write as postulated in the L-matrix theory 
2n+1 
L 2n+1 = c win+1 - 
i-1 
(4) 
The unsaturated L,, matrix is obtained by setting h2*+r = 0, i.e., dropping the 
3’~~~: in the linear combination. If LBnfl is obtained by a “o-operation” on 
on LznA1 and defined as 
L 
[ 
h2n+J L2n--1 - iA,,I 
2n+1 = L,-, + iA,,I 1 - X2ntJ ' (5) 
we immediately recognize that 
where I is a unit matrix of dimension Zn-l x 2+-l. In the earlier work [5], it 
was proved that the U matrix with its columns representing the eigenvectors 
of L2,+1 can be written as 
u = J&n+l + 4%92:;; * 
The Cartan matrix X is then identified to be 
x = 5 xi"EPiZn+l + x2n+1-LP:=: 
i=l 
= L,, - iA,gn . 
This is just the matrix obtained by replacing h2n+l by 
L 2n+l with the condition that 
An2=h~+h;+-*+A;~, 
- ill, in the matrix 
(7) 
(8) 
(9) 
i.e., /I,, is the eigenvalue of an unsaturated matrix with han+r = 0. Thus the 
Cartan theory of spinors is the theory of unsaturated L-matrices, the eigen- 
vectors being identified as the spinors and the parameters together with i/l,, 
as the components of a vector. 
Actually, an unsaturated matrix can be defined more generally if we realize 
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that the u-operation on LBnfl can be done in one of three ways, i.e., by requir- 
ing that any one of the three parameters Ai , A, , A, , in the matrix 
A3 
L3 = A, + ih, [ 
A, - ih, 
- A, 1 
can be replaced by the matrix L2n-1 and the other two parameters relabelled 
as h2, and h2n+l and attaching the unit matrices to them. Thus, the matrix 
&?l,‘i can have one of the three following forms: 
The form of the eigenvector ofLsn+r depends on the way in which the o-opera- 
tion is performed. If w is an arbitrary vector of dimension 2+l and W’ defined 
by 
wf = 
[ 
Lz,-l - iA2J 
4 - x2,+1 wp 1 WI 
then (E’) is an eigenvector of L2n+l obtained by replacing A, by LZnWl in L, . 
If on the other hand we replace ha by L,-, in L, , then W’ should be defined as 
w’ = 
&I - iL,, 
[ 7, - X2n+l w- I (13) 
If L,n+l is obtained by replacing ha by Lzn~-l in L, then w’ should be defined by 
[ 
A,, - iA,+, 
w’ = A,I - L,,,, @) 1 
where l/(AJ - Lz,+l) is the inverse of A,I - Lzn+l . 
For the unsaturated case of L, we get 
(14) 
(15) 
which is the famous ratio of the components of the Cartan spinors. 
We also obtain the more general result that if w is an eigenvector of L2n-2 
and then (E’) is an eigenvector of L,, if 
We shall now show that this structure of the eigenvectors of L,, enables 
us to associate Lie algebraic properties for a set of matrices suitably built out 
of unsaturated&-matrices and their “saturator” Z?-matrices. 
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A saturated L-matrix expressed in terms of the a-matrices as 
2n+1 
L 2n+1 = ; @%+I (17) 
can be “desaturated” by setting hzn+i = 0, i.e., by omitting L?ii$ in the linear 
combination to obtain the unsaturated matrix L,, , i.e., 
For obvious reasons, we call -9’:::: as the “saturator” of L,, . 
We now define a sequence of n unsaturated matrices of dimension 2” >< 2”. 
L(n) 
212 =L,, 
Lb&-l' = L,-2 
[ 
0 
0 L,,- ) -.-j 1 
The simultaneous eigenvectors of these n matrices are completely determined 
through the Cartan ratio, 
A m-1 .- ih, 
A, -’ cm 
between the two halves of the eigenvector of L,, (m < n). The 2% simul- 
taneous eigenvectors are characterized by the set of eigenvalues 
It A, IIt 4-l ,**., f 4 * (21) 
If we define the set of matrices 
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where 9’$: is repeated 2”-” times, .Yiz:Ii is repeated 2n-m-1 times on the 
diagonal. We observe that Lnrn operating on an eigenvector reverses fl, 
without affecting the other parameters or eigenvalues. 
Products of Y of these L-matrices reverse r eigenvalues in the eigenvector. 
Thus the total number of shift operators is equal to 
(3 + (1) + *.* + (Z) = 2” - 1. (23) 
Thus there are n commuting operators&+, (i = 1, 2,..., 2n + 1) and 2” - 1 
shift operators in the Cartan canonical form of the Lie algebra. 
This leads to an “unprecedented” interpretation of uz , oy , uI as the mem- 
bers of a Lie algebra in which uz is a shift operator and 
&! + &a, = L, , 
is the matrix which has two eigenvectors, 
(24) 
corresponding to two eigen-values f (1, where 
Al=+-. 
The number of “commuting generators” is one. The number of shift ope- 
rators is also one, since 2” - 1 = 1 for n = 1. 
In the conventional structure of the Lie algebra of the Pauli spin matrices 
ax 3 UYY uz “the commuting generator” is oS while a+ = 4 (u, + k,) are 
the two shift operators. In contrast to this we now have a Lie algebra in 
which the diagonal uz is a shift operator, while the single commuting gene- 
rator L, is nondiagonal and involves two continuous parameters X, and ha . 
As regards L, we have the four eigenvectors: 
It is to be noted that the operator which reverses (1, is a product of two 
matrices (ra ga3) and 9s4 * Sa3 reverses the sign of (1, in (“1; y;), while 
as4 reverses the sign of A4 and A, which is equivalent to reversing the sign 
of fl, only in the term (* /.l, - ix,). 
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We now observe some very interesting features in the structure of the 
eigenvectors. If a and b are two arbitrary numbers we note that 
is an eigenvector of the matrix Z @L, , while 
is an eigenvector of L, @ I. This implies that 
are the simultaneous eigenvectors of 
It is clear now that if we replace p1 by A, and relabel p2 as A4 and Mi as A,, 
we obtain the simultaneous eigenvectors of L, @ Z and L, . This implies that 
the eigenvalue A, of L, is telescoped into the eigenvector of L, , while in the 
case of L, @ Z and Z @L, , the eigenvalues are not “coupled.” 
We can now define an operator (L, @I -I- Z @ LJ with eigenvalues 
A 1 + Ml, - A, + Jfl, (1, - Jq , --- A, .- Ml . If we set I*~ = A1 , 
p2 = A2 and M, = A,, then the eigenvalues reduces to 24 , 0, 0, - 2A, , 
leading to a trichotomous and a “singlet” eigenvalue when the matrix Z is 
suitably reduced. 
These considerations can be extended for the higher dimensional L-matri- 
ces. 
The consequences of these mathematical results will be discussed in later 
contributions. 
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APPENDIX 
L-Matrices and Quaternions 
If we define a Q-matrix as 
where h is an arbitrary parameter which is pure real or imaginary then 
Q 2n+2 involves 2n + 2 parameters, Ai , h, ,..., hzla+r and h. An eigenvector 
of -&+I with eigenvalue f A, is also an eigenvector of Q!2n+z but with the 
eigenvalue f (1, + /\. From the definition of the Q matrix we immediately 
notice that the square of a Q matrix is itself a Q matrix since 
Qin+, = 2G!n+l. + Ma” + AZ) 1 
and 2&n,, is an L-matrix. If n = 1, Q can be identified to be a quaternion if X 
is real and h, , h, and h, are pure imaginary. 
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